Experimental observation of the conservation of orbital angular momentum in spontaneous parametric downconversion has been theoretically attributed to phase-matching, transfer of plane-wave spectrum from pump beam to down-converted beams. However, according to quantum mechanics, the conservation of angular momentum arises from rotational symmetry of the Hamiltonian describing the studied physical process. Recently, experimental evidence has been found which shows that non-conservation of orbital angular momentum can occur in spontaneous parametric down-conversion due to rotational asymmetry of the Hamiltonian. In this paper, we theoretically show that all reported experimental results of conservation of orbital angular momentum in spontaneous parametric down-conversion are determined only by the Hamiltonian symmetry, and not by phase matching, transfer of plane-wave spectrum.
INTRODUCTION
Orbital angular momentum (OAM) is a physical variable which has attracted steadily growing attention for its applications in generating multi-entanglement 1 and hyper-entanglement. 2 Whether OAM is conserved in spontaneous parametric down-conversion (SPDC) is an important fundamental topic in physics and has been studied for many years. 1, [3] [4] [5] [6] [7] According to quantum mechanics, the conservation of angular momentum (AM) fundamentally arises from the rotational symmetry of the Hamiltonian describing the studied physical processes. When it comes to the specific case of SPDC process, published experimental results of OAM conservation have been theoretically attributed to phase matching, 5 transfer of plane-wave spectrum from pump beam to down-converted beams. 7 We find out that these theories 5, 7 are not consistent with the general statement given by quantum mechanics about symmetry-determined rule of angular momentum when real experimental parameters are taken into account. In this paper we will theoretically show the details about how mistakes were made when these theories 5, 7 were developed, and then develop a theory describing OAM conservation and OAM non-conservation determined by the spatial symmetry of the SPDC process.
According the above mentioned theoretical works, 5, 7 OAM is generally conserved in the SPDC process in the conditions under which most reported experiments were performed. This conclusion, unfortunately, excludes the role of spatial symmetry that should be the fundamental factor determining whether OAM is conserved or not in the non-linear process. Let us take the type-II SPDC process as an example. In usual experimental conditions, the type-II non-linear process lacks necessary rotational symmetry for OAM to be perfectly conserved, which will be explained later. In other words, as predicted by quantum mechanics, OAM non-conservation can exist in the type-II process due to the spatial asymmetry, even if the phase-matching condition is fulfilled. Indeed, experimental results suggesting OAM non-conservation in type-II SPDC process was obtained.
8 However, the authors of the previous works 5, 7 did not consider the spatial symmetry or asymmetry in their theoretical arguments and concluded in their works 5, 7 that OAM is generally conserved in the SPDC process in usual experimental conditions.
In the following, we will review these previous works 5, 7 explaining why OAM is conserved in the SPDC process and show in details how the information of space rotation was erroneously lost in the theoretical arguments by the authors, who drew invalid conclusions on why OAM is conserved in the SPDC process under usual experimental conditions. Then we develop a theory to describe how the spatial symmetry or asymmetry governs OAM conservation or non-conservation in the SPDC process.
QUANTUM THEORY FOR SPONTANEOUS PARAMETRIC DOWN-CONVERSION
The SPDC process is an optical non-linear one, where two or more modes of the electromagnetic field are coupled through a non-linear medium. As a consequence, pump photons are split into pairs of frequency down-converted photons. Quantum theory has been well developed to describe such a non-linear process.
9, 10
Assuming a classical pump beam and two down-converted modes, sinal and idler, that are initially empty, the Hamiltonian describing the non-linear process of SPDC in the interaction picture is 4, 9, 10
where V I is the nonlinear interaction volume, l and expand the pump field in terms of a set of plane waves E(r,
, where q p is the transverse component of the pump wave vector k p and v(q p ) the angular spectrum of the pump beam.
11 The integral over the three-dimensional space { r} in volume V I gives rise to three sinc functions in the state vector of the down-converted light beams (two-photon wave function):
where the first order approximation is assumed, and Another equivalent way to proceed is to follow Arnaut and Barbosa, 4 who considered a Laguerre-Gaussian (LG) pump beam propagating alongẑ with the principal component polarized alongx in cylindrical coordinates
where z R is the Rayleigh length, w(z) = w 0 1 + z 2 /z 2 R , w 0 is the beam radius at the waist z = 0. q(z) = z − iz R , and ρ = x 2 + y 2 . In practice, most experiments involve pump beams in LG modes or Gaussian modes. Hence, the recipe given by Arnaut and Barbosa 4 is very useful for theoretical calculations when experimental results are to be compared with quantum theory. To the first order approximation, the state vector of the down-converted light beams reads
THIN-MEDIUM APPROXIMATION
Although Eq. (2) and (4) are two equivalent versions of the state vector of the down-converted beams to the first order approximation, the former seems more general. This is probably why it was practically exploited by the authors of many later works, which were developed based on Eq. (2) given by Monken et al. in their early work. 11 Monken et al. proposed a theory in thin-medium approximation that the angular spectrum of the pump beam is transferred to the down-converted beams. Unfortunately, the authors incorrectly interpreted the thin-medium approximation in directly applying their theory to explain their experimental results.
11 As one will see, it was the misinterpretation of the thin-medium approximation that caused the lose of information of space rotation in those previous works.
5, 7
The thin-medium approximation assumed by Monken et 
Now we show that the above thin-medium approximation is invalid under the conditions in which all the published experiments were carried out. Let θ denote the polar angle between any direction and the pump propagation direction, then q a = k a sinθ a , a = s, i. In non-collinear configuration, even if θ s,i are small, e.g., θ s,i ≈ 4
• , 1 q s,i are still much greater than |L z | −1 when the length of the non-linear medium is order of millimeter, i.e., L z >> |q s,i | −1 , which invalidates the thin-medium approximation assumed by Monken et al.
11
To be conservative, we consider the collinear configuration, in which the phase-matching is fulfilled only when the down-converted beams co-propagate with the pump beam. This is the case of the reported experiment by Monken et al. 11 Let us consider only the down-converted beams in Gaussian modes, in which the diverging angles of the beams are determined by the beam waists w s,i
• that are usually order of sub-millimeter: 
In all published experimental works, the non-linear media were order of millimeter long. Therefore, the thin-medium approximation L z << |q s,i | −1 ≈ 10 −4 m = 0.1mm was never valid in practice, including the reported work by Monken et al. 11 As a matter of fact, Pittman et al. did point out in Appendix A of their work 12 that the length of the non-linear medium should be as short as order of 10 −4 m for the thin-medium approximation to be valid.
The above arguments are more or less qualitative. To make it more convincing, let us take examples of non-linear media cut for type-II phase-matching. We will numerically perform a quantitative calculation for the sinc function in Eq. (5), where the argument ∆k z has been analytically calculated by Rubin 13 with some approximations:
where y represents q s (or −q i ), the transverse components of the wave vectors of down-converted beams.
Here the coefficients ν, D,K, and N are defined as in Rubin's work. 13 The physical meaning of nu is the deviation of the angular frequencies ω a of the down-converted beams in non-collinear configuration from that Ω a in collinear configuration, i.e., ν a = ω a − Ω a (a = o, e represents ordinary beam or extra-ordinary beam), (5) is not unity at all when the length L z of the non-linear medium is order of 0.1mm long or longer, which is the case for most reported experiments including the one reported in the work by Monken et al. 11 Only when L z is order of 10µm or shorter, the discussed sinc function can be approximated by unity when |q s,i | ≤ 0.5µm −1 . Next, we show how the misusage of the thin-medium approximation in the work by Monken et al. 11 caused the lose of information of space rotation in the two-photon wave function. Let us consider the case of L z = 0.5mm as an example. As shown in Fig. 1 , the sinc function in Eq. (5) [or, the sinc function in Eq. (3) of Monken's work 11 ] is not invariant under space rotation around the pump propagation direction that corresponds to the origin in the q o plane, i.e., it is a function of the azimuthal angle φ (Fig. 2) . Here we use q o,e to denote the transverse component of the wave vector of the o-beam and e-beam. This means that the sinc function does carry information about space rotation around the pump propagation direction. In Monken's work, 11 after applying thin-medium approximation, the sinc function in Eq. 
INVALID CONCLUSIONS ON WHY OAM IS CONSERVED IN THE SPDC PROCESS
After the experimental demonstration that OAM is conserved in the type-I SPDC process, 1 a theoretical work was published to serve as the theoretical background 5 to this experiment. The general conclusion of this theoretical work was that the conservation of OAM in the SPDC process results from phase matching in the non-linear crystal.
5 Unfortunately, this conclusion is against the general prediction by quantum theory that conservation of angular momentum arises from symmetry in space rotation. We show here the mistakes made by Franke-Arnold et al. 5 that led them to the invalid conclusion about why OAM is conserved in the SPDC process.
By comparing Eq. (1) 
) corresponds to a collinear configuration for the type-I SPDC process, which can be justified by replacing q in Eq. (6) with (q s − q i )/2 when q s + q i =0 is assumed.
As already shown in previous context, the sinc function sinc(∆k z L z /2) has a complicated structure in the conditions under which Mair's experiment was carried out.
1 Therefore, the ∆(k 1 − k 2 ) used by Franke-Arnold et al. should have a structure similar to sinc(∆k z L z /2). However, Franke-Arnold et al. considered ∆(k 1 − k 2 ) as a very broad function that cuts out modes with large transverse wave vectors, 5 which is valid only when the non-linear medium is order of 10µm long or shorter (real thin-medium approximation) according to our calculation as shown in Fig. 1 . In Mair's experiment, the length of the non-linear medium was 1.5mm, 1 which is comparable with the value of L z = 0.5mm used in our calculation shown in Fig. 1(Left) . Within the regime of |q s,i | < 1µm, our calculation clearly shows that the ∆(k 1 − k 2 ) in Eq. (1) of the work by Franke-Arnold et al. 5 should have not been treated as a very broad function that cuts out modes with large transverse wave vectors. As a consequence, the information of space rotation carried by the function ∆(k 1 − k 2 ) was completely erased. So, Eq. (6) and (7) in Franke-Arnold's work cannot be written as Eq. (8) and (9) in the same work.
5 For the same reason, Eq. (11) and (12) in Franke-Arnold's work are also invalid, the later of which is the crucial equation leading to the conclusion that OAM is generally conserved in the SPDC process. 5 which assumes correlation between signal and idler photons. As is well known, correlation between photons exists only when they are in entangled states. Hence, before Franke-Arnold et al. arrived at their final conclusion about OAM conservation in the SPDC process, they already implicitly assumed entanglement between the down-converted photons. As a summary, the theoretical conclusion that OAM is conserved in the SPDC process due to phase matching in the non-linear medium was drawn due, in addition to a circular reasoning, to an invalid treatment on the function ∆(k), which should have not been considered as a very broad function that cuts out modes with large transverse wave vectors 5 when the medium length is order of 1mm long or longer.
After the work by Franke-Arnold et al., Walborn et al. proposed another theory investigating the reason why OAM is conserved in the SPDC process. Their conclusion was that the transfer of the plane-wave
